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Abstract. The paper is concerned with defining a topology on the set of 
ideals of codimension d of the algebra C°° (M, R) with M being a compact 
smooth manifold. Its main property is that it is compact Hausdorff and it 
contains as a subspace the configuration space of d distinct unordered points 
in M and therefore provides a "compactification" of this configuration space. 
It naturally forms a space over the symmetric product SPtj{M) and as such 
has a very rich structure. Moreover it is covered by a (naturally defined) set 
of charts in which it is semialgebraic. 



0. Introduction 

In [Glaj , Glaeser showed that for any parallelepiped P C the set of ideals in 
C°° (P, M) of a fixed finite codimension can be given a topology using polynomials 
on M™ and proved that this space is compact Hausdorff. The deficiency of his 
approach is that this topology is then only seen to be invariant with respect to 
affine maps. We manage to avoid polynomials and topologize the set of ideals of 
the algebra of smooth functions on a smooth manifold (which would not be possible 
with [Glaj for the lack of difFeomorphism invariancy) . 

In this paper let M be a smooth manifold. In the introduction (and the abstract 
too) we assume for simplicity M to be compact. Let TZ = C°°(M, M) the algebra 
of smooth functions on M. We will be considering ideals of 7^ of a fixed finite 
codimension d over M. Our first goal is to endow the set Md of all such ideals with 
a topology and study its properties. It will be compact Hausdorff. Together with 
A^d we will also topologize 

= {(/,/ + /) \IeMd, f + Ien/I} 

in such a way that the canonical projection map £d — > Md becomes a vector bundle. 
The map Md x TZ — > £d sending (/, /) to (/, /+/) is a (continuous) homomorphism 
of vector bundles. This is certainly a property one would require from any such 
topology. 

In the introduction to his thesis [Gooj . Goodwillie writes that Md should be 
"semialgebraic relative to M". In our construction oi M.d this has a clear meaning 
and our second goal will be to prove Goodwillie's claim. 

For any set F C M consisting of d points one has an ideal 

my := {/ e 7e I f{v) = for ah y e F} 

and easily my ^ Add- In this way one has as a subset in the configuration 
space M[''1 of d distinct unordered points in M, 

mI'^I ^ Md 
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For our topology on Md this inclusion map is an embedding and therefore one can 
think of Jvld as a "compactification" of M^'^\ 

There is an inverse procedure of associating to each / g M.d an unordered d- 
tuple of points in M . However for ideals not of the form my these points are not 
distinct and therefore this procedure yields a map 

wsp : Md ^ M-'/^d = SPd 

We call wsp(/) the weighted spectrum of /. 

Let us try to indicate now how we construct the topology on M-d- If 72. was finite 
dimensional we could simply think of as a subset of the Grassmannian manifold 
GdiTZ) of linear subspaces of TZ of codimension d. This is of course never the case. 
On the other hand suppose that there is a finite dimensional linear subspace F CTZ 
that is transverse to each / € Md- Then taking the intersection of each / e Aid 
with F produces a map Md ^ C!d{F) from Md to the Grassmannian manifold of 
codimension d linear subspaces of F. If this map is moreover injective one could 
give Md the subspace topology. With the goal of giving Md & structure of a 
fibrewise semialgebraic set we rather think of Md as embedded into SP^ xGd{F). 
Nevertheless the first key step is still to find a transversal F for which the map 
Md -> Gd{F) is injective. 

This is done in the first section and the results here are both well-known and 
quite elementary. It starts by describing the structure of ideals of TZ so that one 
is able to understand the transversality condition. At the end of the section we 
produce a transversal F . 

In the second section we compare the topologies induced via two such transversals 
F C F'. The main result states that the (partially defined) map 

SPdxGdiF') ^SPdxGdiF) 

sending {Y, L) to {Y, F Ci L) induces a homeomorphism between the images of Md- 
Therefore the above topology is independent of the choice of the transversal and is 
our topology on A^^. This is proved in Theorem 1X1 We then proceed to describe in 
Theorem [B] the structure on Md of a semialgebraic set. There are special charts on 
SPrf xGd{F) coming from pairs of a chart on M and a "compatible" transversal F. 
In these charts Md is semialgebraic. This situation is in the spirit very much like 
that of "semialgebraic" subsets of the jet bundle J^{M, R*^) coming from Diff(IR™)- 
invariant semialgebraic subsets of J^{R™' ,M.^) which are also semialgebraic in all 
charts coming from M. The formal definition is given in Definition 12.21 

The third section is dedicated to studying the topology oi Md- Two theorems 
are proved, the first of which states that the inclusion of the configuration space 
into Md is a. smooth embedding as was already mentioned above. The second 
theorem (in fact a generalization of the first) is concerned with the set of all ideals 
/ with a fixed isomorphism type of the quotient algebra TZ/I. These ideals possess 
a structure of a smooth manifold (as was proved in |Alo| ) and the content of our 
second theorem is that they form an immersed submanifold in A^^. As a set Aid is 
then a disjoint union of these submanifolds. In general there is an infinite number 
of them. 
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1. The structure of ideals of TZ 

Notation. We recall the notation from the introduction. Let M be a smooth 
manifold (possibly non-compact and with boundary or even with corners) and let 
TZ — C°°(M, M) denote the algebra of all smooth functions on M. 

Remark. Most of the content of the paper could be generalized to the case of 
submodules of a fixed finitely generated 7^-module of a fixed finite codimension. 
This is treated quite in detail in the author's thesis |Vok| . 

The aim of this section is to prove the following theorem. The main reference is 
the authors's thesi^ll }Vok| although all the results are more or less well-known. 

Theorem 1.1. There is a finite dimensional linear subspace F Q TZ which is 
transverse to all ideals I <Z TZ of a fixed finite codimension d. 

The idea of the proof is pretty simple. Every ideal of a finite codimension contains 
an ideal of the form (myj)'"'^ • • • (nXj,^)''" where are the maximal ideals. For ideals 
of this form the transversality ammounts to a certain interpolation property which 
is easily satisfied for example by polynomials. We proceed with a more detailed 
proof. 

Definition 1.2. For an ideal I C TZ the spectrum of / is defined to be the closed 
subset 

sp(/) n /"'(O) = {x e M I V/ e / : /(x) = 0} 
fei 

Example 1.3. For a point x G M we define the following two ideals 

■.= {f:M^R \ f{x) = 0} {/ : M ^ M | germ,/ = 0} 

Clearly sp{mx) = sp(n:r) = {x}. 

The main structural result for ideals of finite codimension is the following. 

Theorem 1.4. Every ideal I C_ TZ of finite codimension has a unique (up to per- 
mutation of the factors) decomposition as an intersection 

/ = /i n • • • n /„ 

of ideals li ^TZ with the following two properties: 

• the spectrum of each Ii consists of a single point yi 

• the points yi are all different 

In this decomposition li = I + riy- , ideals li are in general position, i. e. 

/, + (/i n • ■ • n /, n • • • n /„) - 7e 

and yi are exactly the points of the spectrum sp(/). This decomposition is called 
the primary decomposition of L 

Proof. The statement is rather classical and a complete proof can be found in (Vokj . 
Namely in Lemma 1.8. the uniqueness of the decomposition is proved together with 
its form li = I + ni. In the next two paragraphs following this lemma the finiteness 
of the spectrum is shown together with its implication towards the existence of the 
decomposition. General position of li'a is proved in Corollary 1.7. □ 

^Only the case of a compact manifold M is treated in detaiL The extension to non-compact M 
is provided by the fact that maximal ideals not corresponding to points of M have alwrays infinite 
codimension (the proof of which can be also found there in section 1.5.). 
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Denoting the spectrum of / by {yi, . . . ,yn} as in the statement the general 
position of the decomposition yields the following formula for codimensions. 

dim7^// = dim7^/(/ + n^,J H h dim7^/(/ + ny„) 

We set ki — dim 7^/ (/ + . ) and observe that the spectrum of / has more structure 
if / has finite codimension: each point yi in the spectrum has associated a weight 
ki with it. 

We fix an integer d and denote the collection of all ideals of codimension d by 
Aid- We define a space SP^, the symmetric product, where these more structured 
spectra will be defined simply by 

SPrf := M^Srf 

and give it the quotient topology. The space SPj, consists of unordered collections 
of d not necessarily distinct points in M. If j/i, . . . , 2/„ are all the points in such a 
collection Y and if each yi appears in it exactly /c^-times then we say that ki is the 
weight of yi and use an alternative notation 

y = {y^\...,yM 

We call |y| := {yi, . . . , y„} the support of Y. There is a weight function \Y\ Z+ 
associating to each point yi its weight ki and by the definition the total weight ^ ki 
is d. Therefore we also call Y a set of points with weights. 

Hence with every ideal / C 7?. of finite codimension d there is associated a 
canonical set of points with weights Y € SPd whose support is the spectrum of / 
(and whose total weight is d). It is called the weighted spectrum of /, 

wsp : Md SPd 

On the other hand if F = {y^ ' , . . . , y^" } G SPrf we define an ideal my ^ 7?. by the 
formula 

my = KJ'^^ n • ■ • n imy,y- = {/ G 7^ I = • ■ • = j'y:~'f = o} 

The following simple consequence of Nakayama's lemma is proved in [Vokj as 
Lemma 1.9. 

Lemma 1.5. Let I QTZ be an ideal of finite codimension with wsp(/) = Y . Then 
my QI- □ 

Let be a linear subspace of TZ. We write F (h Aid if F is transverse to every 
element of Aid, i-e. to every ideal of TZ of codimension d, and F fti T'd if F is 
transverse to all "polynomial" ideals my, whenever Y G SP^. 

We will now construct a finite dimensional linear subspace F &\ Pd (and hence 
also F (h Aid by Lemma fTTS]) . First we find this subspace locally. 

Lemma 1.6. For M = M™ there is a finite dimensional linear subspace F C TZ 
satisfying F (UT^d- 

Proof. This is the classical interpolation theory for polynomials. A proof can be 
found for example in [Vok| as Lemma 1.13. □ 

Proof of Theorem Let us choose an embedding l : M ^ V M into a Eu- 
clidean space V and note that the canonical map t* : C°° (V, M) — > C°° (M, E) is 
surjective, i.e. any smooth map M ^ M. can be extended to V. By Lemma flTBl there 
exists a finite dimensional linear subspace F' C C°°{V,M.) such that F' fti T^d on V. 
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Then we claim that F = l*F' = {/i | / e F'} satisfies F A\Vdon M. This is verified 
by the following diagram where Jy(M,M) = J^i-i(M,M) x • • • x J^:^-^ {M ,M.) . 

F' C > C°° [V, R) » J,(^Y) {V, R) 

* * * 

Li L 

F L*F' C > C^{M, M) » Jy{M, E) 

The composition across the top row is surjective and therefore so must be the 
composition across the bottom one. □ 

2. The topology and geometry of Md 

In this section we define a topology on Aid using a transversal F of Theorem ll.il 
and prove that in fact it is independent of the choice of this transversal. There is 
the following order-preserving map 

Up '■ {ideals of TZ} — > {linear subspaces of F} 

sending I C TZ to its intersection F Ci I with F. 

Proposition 2.1. If F (f] Aid+i then for ideals I,r C 7?, of codimension at most 
d the following holds 

/ C /' Fni C Fni' 

In particular UplMd injective. Moreover F with these properties exists. 

Proof Assume for contradiction that F n / C F n /' but also / n /' C /. Let /" 
be a maximal ideal of / containing I n I' which exists by the finite codimension of 
I n I' . By maximality ///" = TZ/my for some maximal ideal irij, and in particular 
/" G Md+i, hence F (h I". By trans versality then 

(F n /) n (F n /') = F n (/ n /') c F n /" c F n /, 

a contradiction. □ 

This proposition allows us to use Up for putting a topology on Aid- As we 
explained in the introduction it is more convenient to induce the topology on A4d 
from the inclusion 

Up = (wsp, Up) : Md SPd xGd(F) 

This has the advantage of splitting the two "directions" in Md, the geometry 
and the algebra. These correspond respectively to coordinates in SP^ and Gd{F). 
Moreover in this way Md is a space over SP^ straight from the definition. 

To explain the statement of the main theorem recall that there is a canonical 
vector bundle £d over Md whose fibre over / e Md is the quotient algebra TZ/I. 
Obviously it is (as a set) the pullback along Up oi the canonical d-dimensional 
vector bundle Ed{F) over Gd{F) with fibre F/L over L <Z F. This allows us to 
induce a topology on £d from Md and Ed{F). It is also useful to think of Ed{F) as 
a subset of Gd{F) x F and thus of £d as a subset of SP^ xGd{F) x F by identifying 
F/L = for some scalar product on F. 

Theorem A. The topology on Md does not depend on the choice of F as long 
as Up is injective. The weighted spectrum map wsp : Md SP^ is continuous 
and proper (Md is a closed subset of SPd xGd{F)). The topology on £d is also 
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independent of F and the canonical map Aid xTZ ^ £d given on the fibre over I by 
the projection TZ ^ TZ/I is a continuous quotient map of vector bundles over Aid- 

We will now explain in what sense Aid possesses a (singular) smooth structure. 
Firstly a function SP^ M is said to be smooth if the composition M"^ — SP^ — )■ M 
is smooth (thus we are thinking of SP^ as an orbifold). As a subset of SP^ xGd{F) 
we may now consider on the sheaf of restrictions of smooth functions. We will 
show in Theorem [Bl that this structure is independent of F. 

To endow Aid with a richer structure observe that one can embed SPd xGd{F) 
in a (trivial) projective bundle SPd xP(A''^''F) where r — dimF. The Pliicker 
embedding Gd(F) -> P(A'-''F) sends 

span(/i, . . . , fr-d) < — ^ [/i A ■ • • A fr-d] 

Therefore one can also speak about a smooth fibrewise algebraic structure given by 
the sheaf of functions which are regular rational in the Gd{F) direction and whose 
coefficients are smooth in the SPd direction, U x U' ^ C°°{U) (g) 0{U'). 
We will now address the question of how bad the singularities of Aid are. 

Definition 2.2. For Af = M™ there is a canonical choice of a transversal F C TZ, 
namely the set of all polynomial functions of degree less than d. As a subspace 
of (K™)''/I]c( X Gd{F) we may ask that Aid is semialgebraic0. Assuming this and 
covering any smooth manifold by charts this makes Add locally semialgebraic (in the 
special charts described above). We express this by saying that Aid is chart-wise 
semialgebraic. 

Theorem B. There is a well defined smooth (and fibrewise algebraic) structure 
on Add as a subset of SPd ^Gd{F) which is independent of F as long as Up is 
injective. It is a closed chart-wise semialgebraic subset and the same is true for £d- 

We will now introduce our main tool in this section. By a continuous interpola- 
tion map we understand a continuous map 

A-.SPdxU^ F 

(for some F rh Vd), linear in the first variable and such that A{Y, f) = f modulo 
my- By definition for each Y € SPd and f € TZ such an A{Y, f) exists but there 
is no obvious choice and in particular it is not clear that there is a continuous 
way of choosing it. We say that ^ is a smooth interpolation map if moreover for 

each f G TZ the map SP^ '- — > F is smooth. There is an analogous notion of a 

polynomial interpolation map for M — M™ in which A{~, f) is required in addition 
to be polynomial when / is polynomial. 

When F consists of polynomials on M = M™ a preferred choice of an interpola- 
tion was found by Kergin in |Kerj on the existential level and in |MM| explicitly. 
We give a concrete description in the non-polynomial global case, main result being 
the following. 

Theorem C. Let M be a smooth manifold and F &\ Vd- For each Y G SP^ there 
exists a smooth interpolation map A for which A(Y, /) = whenever f £ my. 

The proof is postponed to the appendix. 

^More precisely the puUback to (R"')'* x Gd{F) should be semialgebraic. For other (non- 
polynomial) transversals the semialgebraicity should not be expected. 
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Remark. We note that According to Example IA.6I if F consists of polynomials of 
degree less than d on M — M™ then the constructed interpolation map is the Kergin 
interpolation and is polynomial. 

Before we proceed further we state an easy corollary which will be crucial for 
the proof of the properness of wsp. 

Corollary 2.3. Let Yp £ SPd (p — 1,2, . . .) be a sequence converging to Y. Then 
every f £ F D my is a limit of some sequence fp £ F D my^ • 

Proof. Take fp^f- A{Yp, /). Then fp-^f since A{Y, /) = 0. □ 

Proof of Theorem [31 the independence part, and Theorem O For a pair of linear 
subspaces F C F' as in the statement we denote by Gd{F',F) the open sub- 
set of Gd{F') consisting of those L C F' which are transverse to F. The map 
Gd{F' , F) — > Gd{F) sending L to F DL is a. smooth affine bundle and hence so is 

SPdxGd{F',F) ~^SPdxGd{F) 

Moreover it respects the inclusions Up, Up'. Under the assumption F A\'Pd will 
now construct a smooth section of this bundle with Up'AAd in its image. It is given 
by sending L £ Gd{F) in the fibre over Y to 

i + (id-A(r,-))(F^) 

where F-^ is any subspace of F' complementary to F and A is a smooth inter- 
polation map with values in F. The claim is verified by the observation that 
(id — A{Y, —)){F^) C F' n my and maps isomorphically onto F' /F. 

Since both the bundle projection SP^ xGd{F' , F) SPd xGd{F) and its section 
are clearly smooth we have just shown that there is a well-defined smooth structure 
on Aid- In fact they are induced by fibrewise linear maps on the respective exterior 
powers containing the Grassmannians. Namely the bundle projection is induced by 

p^r'^dp,^ A'F ® A^F^ projecUon ^ ^r-^dj. ^ j^s p± ^ j^r-dp 
i+j—r'—d 

and the section is, on the fibre over Y , induced by "taking the wedge product" with 
[vi — A{Y,vi)) A ■ ■ ■ A (vs — A{Y,Vs)) where {vi, . . . ,Vs) is some basis of F-^. 

Therefore Md has a well defined smooth fibrewise algebraic structure. Finally 
we prove that for the canonical projection tt : M'^ x Gd{F) SPd xGd{F), 

TT-^Md C Af^ X GdiF) C M'^ X P(A'-''F) 

is a chart-wise semialgebraic subset. First of all is a union (indexed by un- 
ordered collections of positive integers fci, . . . , fc„ with sum d) of subsets A4ki,...,k„ 
of those ideals whose spectrum has weights fci, . . . , fc„. To prove chart-wise semial- 
gebraicity of each n~^Mki,...,k,^ consider the following partially defined map 

X T4, (F) X • . • X Ffe„ (F) M'' X Gd{F) (1) 

(xi, . . . ,a;„,ai, . . . ,a„) i — > . . ■ (spanai) n • • • n (spana„)) 

with Vfe. (F) the Stiefel manifold of orthonormal (r — fci)-frames in F. The map is 
not hard to be induced by a polynomial map 

^x(r-fci) X ... X F"" — > A'-'^iF ® • • • (g) A''^'="F — > K'-'^F 

where the first map corresponds to passing from Vk^ (F) to Gfc. (F) while the second 
(linear) to taking the intersection of the subspaces. 
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By Tarski-Seidenberg theorem we are left to show that there exists a chart-wise 
semialgebraic subset Xki,...,k„ of the source of ^ which maps onto TT~'^Mki,....k„- 
The primary decomposition of ideals provides such a subset 

Xki,...^k„^ {{xi,...,Xn,ai,...,an) I spana^ = Upili) with sp{Ii) = {xi}} 

whose chart-wise semialgebraicity is verified by the following proposition. □ 

Proposition 2.4. The subset Xki,...,k„ is chart-wise semialgebraic. 

Proof. Let us denote Li = spanai. According to Lemma l2.5l the subset Xk-i....,k„ is 
described by the following conditions 

• F n (tTia;,)''' C Li and 
. Ai{x1^},FLi)CL,. 

Since the codimension of /Li in F is ki the first condition is equivalent to the image 
of Li under F — s- J^'^^(M, R) having codimension ki. 

Now we write the above conditions as equations for (ai, . . . , a„). The first is 
seen by identifying J'^'~^(M, M) in the chart with a trivial vector bundle M x M* 
and viewing the jet prolongation as a fibrewise linear map M x F M x M*. The 
condition is then equivalent to the vanishing of certain minors of an element of 
hom(]R''~'^' , K*) which depends polynomially on the Xi and a^. 

For the second condition let us denote also by ai the matrix consisting of coor- 
dinates of the basis vectors in a fixed orthonormal basis of F. Then aiof is the 
orthogonal projection onto Lj = spana^. Writing ai = . . . , fi^r-ki) we may 
for p e F rewrite the second condition as {idp — aiaf)A{{xi}''\pfij) =0. □ 

Lemma 2.5. Let F C TZ be transverse to my and L £ Gd{F). Then L — Uf{I) 
for some I G M-^ with my Q I if and only if 

• F n my C L and 

• A{Y, FL) C L 

in which case I = my + L. 

Proof. First we observe that for any L E Gd{F) we have 

codim7^(my + L) — codimf-(F n my + L) < d. (2) 

Now if L = Uf{I) = F n I then my + L C I forcing codim7j(Tny + L) = d and by 
([2]), F n my C L. Second condition follows by decomposing each / G FL as 

f = if - A{YJ)) + A{YJ) emy + F 

Since / lies in / and my C / this implies A{Y, f) E F f) I — L. 

If on the other hand the two conditions are satisfied we set / = my + L. By 
([2]) the first condition implies codimT^ I = d. It remains to show that / is an ideal. 
Since 

TZI = {my + F){my + L) Cmy + FL 
we are left to show that FL C / = my + L which is guaranteed by the second 
condition. □ 

Proof of Theorem\^ the properness o/ wsp. We are to show that UpMd is closed 
in SPd y-Gd{F). Therefore let {Yp,Lp) be a sequence in UpMd converging to 
(y, L) G SPd xGd{F). Thus there are ideals Ip with wsp(/p) = Yp and Lp = FfMp. 
We will now construct an ideal / such that L = F n I. This is an easy application 
of Lemma [2.51 to L and Y. The first condition is the content of CoroUarv 12.31 To 
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verify the second condition we choose for / G L a sequence fp £ Lp converging to 
L and then 

A{Y,gf) =\im A{Yp,gfp) 

■p 

lies in L since A{Yp,gfp) G A{Yp, PLp) C Lp and Lp converges to L. 

The harder part is to show that indeed wsp(/) = F = {y^^ . . . , y^"}- The idea 
is to use the primary decomposition. We choose some disjoint closed neighborhoods 
Ci of Di and decompose 

Ip = {Ip + nci) n • • • n (/p + ncj 

By the convergence wsp(/p) -^Y we easily see that the codimension of each :— 
Ip + ^Ci is fci, at least for all big enough p. Assuming that each sequence F D 1^ 
converges in Gfe^ (F) to F f) P we certainly have 

F n / = iim(F n /jj) n • • • n (F n c 

c (F n /I) n • • • n (F n /") = F n (/I n • • • n /") 

and by F iti Pd+i and Proposition 12 . 1 1 we conclude that / C n • • • fl /". By the 
above and Lemma [2751 we have F = {my.)''' +FnF and thus its spectrum consists 
just of Hi. Hence the F are in general position and therefore the codimension of 
/I n ■ • ■ n /" is also d, / = /I n • ■ • n /" is the primary decomposition of / proving 
the claim about its weighted spectrum. 

The map A4d x TZ ^ £d oi vector bundles can be defined alternatively as 

{id A4 , ,wsp) xidTC id/vi.xA 

Mdxn ^ — > Md X SPd x7^ i > MdxF ~^£d 

using the continuous interpolation map A of Theorem [C] Using an inner product 
on F one can easily find a section proving that it is indeed a quotient map. □ 

Remark. Let us denote AAd{M) — Md- For an open subset U C M we define 
Md{U) C Md{M) by the puUback square 

Md{U)^ >Md{M) 



SPd{U) C > SPd(M) 

In other words Aid{U) is the space of ideals in TZ whose spectra lie in U. Theorem Rl 
implies that the topology of Md{U) is independent of M and Md{M) is a union 
of A4d{U) as U varies over coordinate charts allowing one to build Md{M) from 
its local versions A4d{U). On the other hand the glueing maps are not affine and 
so [Glaj could not be used to glue A4d from the local versions. 



3. The structure of Md 

We will now prove some structure theorems explaining what the spaces Md look 
like. Concrete examples for low codimensions d can be found in [Vokj . First we 
prove a useful proposition which enables recognizing whether maps into Md are 
continuous, smooth or even immersions. 
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Proposition 3.1. Let N be a topological space, let F rti Md and let 

be a not necessarily continuous mapping such that for each x €. N the partial map 
(p{x, —):??.—>■ M"^ is surjective linear with kernel Ix = ker(p(a:, — ) an ideal in TZ. 
Denote by the map il) : N ^ Md C SPd xGd{F) sending x & N to Ix and by '02 
its second coordinate, i. e. tp2 {x) = F nix- 

a) If for each f gTZ the partial map ^p{—, f) : N ^W'- is continuous then so 

is ^2- 

b) If N is a smooth manifold and all (p{—,f) are smooth then so is ip2- 

c) If in addition F iti Md+i then X G TxN lies in the kernel of the differential 
(V'2)* : T7V ^ TGd{F) if and only if 

C{/e7^|rfM-,/))(X) = 0} (3) 

Remark. It is not hard to prove continuity of the first component ipi{x) = wsp(Ix) 
in a). It seems regretable that we have not been able to prove smoothness of 
in b). In our applications however this will be automatic. 

For M one-dimensional tpi is smooth: locally in a neighbourhood of xq G M = R 
and wsp{Ixo) = {v'^} one can choose a (unique) normed polynomial generator of Ix 
of degree exactly fc in a smooth manner. Its coefficients constitute generators (over 
C°°(M, M) acting by composition from the left) for the ring of smooth functions on 
SPk defined in a neighbourhood of {y*^} and pull back to smooth functions on N. 

Proof. We skip the proof of a) as it will become clear from the proof of b). 

Let X € N and denote L = '4)2{x) = Fdlx- We choose a complementary subspace 
L-^ to L inside F and get a chart on Gd{F) 

Hom(L,L^) ^Gd(F) 

given by sending a map a to its graph inside L x = F. Let us consider the 
restriction ipp of ip to N x F and write it in the form 

(fiF : N X L X L-^ — yM.'^ 

Observe that the differential dipplh-^ is an isomorphism of X-"" on M'' near {x} x 
L X L-^. In particular there is a unique solution a{y){v) to the equation 

ipF{y,v,a{y){v)) = 

and it is automatically smooth. Clearly a{y) : L L-^ is the expression of tlJ2{y) 
in the above coordinate chart (with a{x) = 0). 

Starting the proof of c) we have a formula for the derivative 

daiX){v) = id{ipFix,v, -)))-' {d{ipFi-,v,OmX) 

In particular X G ker(^2)* if and only if for each v & L it lies in the kernel of 
d{(pF{—,v,0)). To explain this condition we introduce 

Ix:={feTl\ ^{x, /) = 0, d{^{-, f)){X) = 0} 

As the name suggests it is an ideal and to prove this one observes that for each 
y € N we have a multiplication on M.'^ arising from the identification TZ/Iy = M."^. 
This family is smooth in the sense of the map 

fx:N — )■ Hom(K'^ O R'^, R'^) 
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being smooth. If we temporarily denote 

f{x):=^ixj) and df{X):^d{^{-J)){X) 

then for /, g G 7?. we get 

d{fg)iX) = ^lix){fix) ® dg{X) + df{X) ® gix)) + dii{X){,f{x) ® g{x)) 

Therefore if one of /, g hes in Ix then so does their product. 

The condition ^ from the statement is then equivalent to Ix = Ix- As- 
suming that this equality holds, every v d L <Z I^ lies in Ix implying that 
d{(pp{—,v,0)){X) = 0. Therefore in this case {ip2)*{X) = 0. If on the other 
hand Ix ^ Ix then there is an ideal J which is maximal among those for which 
Ix ^ ^ ^x- Necessarily J G Md+i and by our trans versality assumption 
Fnlx'^FnJ^Fnlx^Lso that there is u £ i for which v ^ Ix im- 
plying that d{ipFi-,v,0)){X) ^ and ip^{X) ^ 0. □ 

The space Md contains as a subspace the configuration space 

mI'^I = M'^'^^/Ed C SPd 

We will show now that it is in general an embedded submanifold. An interesting 
question is whether Md is the closure of M^"^). 

Proposition 3.2. Let F be a finite dimensional linear subspace of TZ such that 
F iti A4d+i- Then the inclusion 

^ : C SPd ^MdC SPd xGd(F) 
y I — >mY 

is a smooth embedding. In fact ip2 already is. 

Proof. As the map in question has a smooth inverse we only need to show that 
it is an immersion. First we express locally via a map (/? : x 7^ — s> M'^ as 

in Proposition 13.11 and compute the kernel of (^"2)* using the same proposition. 
Therefore let {xi,. . . , Xd) £ M^'') and identify a neighbourhood of [{xi, . . . , Xd)] S 
M t''] with a product Ui x ■ ■ ■ x Ud of disjoint neighbourhoods Ui of Xi. Then we 
can define ip : Ui x ■ ■ ■ x Ud x TZ ^ R'^ hj 

{zi, ...,Zd,f)^ {f{zi), f{zd)) 

Clearly all the assumptions of Proposition 13.11 are satisfied and so 4'2 is a smooth 
map as is = id. Also for 

we have d{ip{—,f)){Xi,...,Xd) = {df{Xi),...,df{Xd)) and this can be zero on 
rn{a;i,...,a:4 only if Xi = • ■ • = = 0. □ 

We will now generalize the previous proposition. Namely we describe certain 
subsets of Md{M) of ideals of a "fixed type". They are injectively immersed sub- 
manifolds. Also every ideal has some (unique) type and so Md is in fact a disjoint 
union (over all possible types) of these submanifolds. 

We take the following construction from section 35 of [KMSj . A Weil algebra 
is a finite dimensional associative, commutative algebra A over R with a unit such 
that A = R © JV where N is the ideal of nilpotent elements. Equivalently it could 
be described as a quotient algebra of Jq(R™,R) for some r and m. Therefore we 
can get all ideals of TZ with a spectrum consisting of a single point as kernels of 
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surjective algebra homomorphisms TZ A for some Weil algebra A (namely A 
is the quotient of TZ by that ideal). We give the set of all such homomorphisms 
(surjective or not) a smooth structure in such a way that the map sending such a 
homomorphism to the spectrum of its kernel is a bundle projection. This bundle is 
called the Weil bundle associated to A. 

We first give a construction of this bundle and then show that its points can be 
indeed identified with homomorphism TZ ^ A. We start with the restriction 

JoViff(M",Af)->M (4) 

of the jet bundle J''(M™, M) — > M to the subspace of all invertible jets with source 0. 
Setting :— Jq jj;g(M™,M"')o, the Lie group of aU invertible jets with source and 
target 0, we see that (|4]) is a principal G^-hundle and so we can define 

TaM J^^diff(I»", M) xar^ Homaig(J^ (M™, R),A) (5) 
This clearly expresses TaM as a smooth bundle over M with fibre 

Homaig(JJ(M",M),A) = 7V™ 
Moreover we have a bijection defined in terms of ([5|) by the formula 
TaM ^Homaig(7e, A) 

It is easily seen to be a bijective correspondence (that a kernel of any TZ ^ A has a 
spectrum consisting of only a single point follows from the fact that in A, the only 
idempotents arc and 1). We have a subbundle 

TaM := Jo^^iff ^) ^G^^ SurHomaig( Jo"(K", M), A) 

which then corresponds to surjective algebra homomorphisms TZ ^ A. 

One says that an ideal / is of type A if TZ/I = A. An ideal / of type A can then 
be identified with a class of surjective homomorphisms TZ ^ A, namely with the 
class of all those homomorphisms that have kernel /. In this way we get a space 
J^M of all ideals of type A as a certain quotient of TaM. A crucial observation 
in |Alo] is that the action of on SurHomaig( Jq (K™, K), ^) is transitive and 
so, after choosing some ao G SurHomaig( Jq (M™, M), A), one can identify it with 
the quotient of by the stabilizer of ao. In the same terminology an ideal in 
Jg (K™, K) of type A is a class of C!^ modulo the stabilizer of ker ao- Therefore the 
space of ideals of type A can be identified with the smooth bundle 

J^M = Jo^_diff(M™, Af)/St(kerao) — ^ M 
and clearly the smooth structure does not depend on the choice of ao. 

Proposition 3.3. Let F rh A4d+i be a finite dimensional linear subspace ofTZ and 
let A be a d-dimensional Weil algebra. Then the inclusion 

i : J^M CMd^ SPrf xGdiF) 

is an injective immersion. 

Proof. To be on the safe side we prove that in fact the second component L2 of l 
is an injective immersion. This has the advantage of staying solely in the world of 
smooth manifolds where the meaning of an "immersion" is clear. 
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This is another apphcation of Proposition 13. II Consider the map 
v.: JoViff(K'^A^)x7^^A 

Clearly this map is smooth in the first and surjective linear in the second variable 
and hence in the sense of Proposition 13.11 it defines 

^ : J^,diff(K'", M) ^ C SPd xGd{F) 

which is also smooth (the first component being the bundle projection for J^M). 
As we have a commutative diagram 

JJ.,iff (M", Af) ^-^ > Gd{F) 



in order to show that the dashed arrow 12 is an immersion we need to identify 
kev{tp2)*- Proposition 13.11 gives an answer in terms of the kernel of the differential 
(say at jl^g) of the map (p{f, — ) which can be decomposed as 

JoVff(K'",M) ^ 4iR"\R) ^ A 
To give a tangent vector in Tj^gJ^^^^lM™', M) is the same as to give an element of 

TidJJ^diffll^"'!^") and then compose with g. The elements of Tid JJ.diff (1^", 
arise from vector fields. Therefore let X : M™ TM'" be a local vector field with 
a local flow 

7 : E™ X M — > M™ 
Under our identifications it defines a tangent vector 

jS(g7(-,0)e7^.Ss^oVff(R"'^) 



dt 



t=o 



Then for each f e TZ we get 

d 



aoifo{fgii-,t))) ^ aoifoiXifg))) 

t=o 

Suppose that X{0) ^ 0. Then we claim that there exists an / e ^2{jx9) for 
which this expression is nonzero as well. In other words such X can never lie in 
ker(V'2)*ll We postpone the proof of this claim and thus assume that the only 
X which could produce an element in this kernel are the vectors tangent to the 
submanifold ^^g(R"^ , M)^- The Lie group GJ^ acts simply transitively on this 
space. Let Y be an element of the Lie algebra of GJ^. Then we obtain a vector field 
(with p running over Jg (M™, M )a;) 



p ■ exp(ty) 



and we also have similar vector fields on Jg(IR™,M). The restriction of (p{f, — ) is 
simply the composition 

J^^diff(IR",A^)x ^ J^(M'",M) > Jj(M",M)/kcrao = A 



■^Also, and this is obvious, it can never lie in ker(?/)i),. 
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Therefore Y^ijQg) lies in ker{tp2)* if and only if for each / G V'2(jo5') '^^ have 
rf/*(y^(j5(7)) € kerao- As the map /* is GJ'^-equivariant we can rewrite 

for the corresponding canonical vector field on Jq (R™, R). Now observe that we get 
all possible values joifg) S kerao by varying / over V'2(joff)- Therefore Y~^{jQg) G 
ker(V'2)* if and only if y+(kerao) C kerao- These Y clearly constitute the Lie 
algebra of the stabilizer St(ker ao) and therefore we conclude that ker(V'2)* is exactly 
the vertical tangent bundle of 

Jl^,s{R^,M) J^,diff(K'",M)/St(kerao) = J^M 

Consequently ^2 induces on the quotient J'^M = Jq Af)/St(ker(/3o) an 

immersion L2 : J^AI — > Gd{F). 

Now we prove the remaining claim. Because we assume that X(0) 7^ we can 
find a local diffeomorphism h : (M™, 0) (M™, 0) such that h* X = d,,, . Then 

Xifg)^d:,Af9h)oh-' 

We denote by K the kernel of 

Jli iR"\R) ''''''' > JJ(M",M) A 

and we are looking for / G 7^ such that joifgh) G K but iJ^{dxi{f gh)) ^ K. 
Let C (xj, X2, . . . , Xm) but if 2 (a^i^^j 2:^2, • ■ • , a;™)- Both 5 and being dif- 
feomorphisms there exists f e TZ such that joifgh) e K — {xi~^^ ,X2, ■ ■ ■ ,Xm)- 
Then fgh = Xi ■ X modulo {x2, ■ ■ ■ ,Xm) with A(0) ^ and it is easy to see that 
dxiifgh) = x^^^n modulo {x2, ■ ■ • with /x(0) 7^ so that jl{dxAfgh)) does 
not lie in (xf , 2:2, ... , Xm) and in particular it does not lie in K . □ 

Question. Is the inclusion i : J^M ^ TWd an embedding? Quite easily (reducing 
to a local question and using polynomials) one can reduce this problem to the 
question of the canonical map 

G™/(G;, n St(kerao)) ^ G;( Jo"(M™, M))/St(kerao) 

being an embedding. 

An easy generalization to the case of finitely many Weil algebras A^, i = 1, . . . , n, 
gives a bundle 

fAu...,A^M = [Ta.M X • • • X Ta„M)|^^,„, M(") 

togeter with a bijection fAi^...,A„M = SurHomaig (7^, x • ■ • x An). Every ideal 
/ G Md of type ^1 X • • ■ X An can be clearly recovered as a kernel of such surjective 
homomorphism. In this way we obtain a space J^^^---'^^ M of ideals of a fixed 
type Ai X ■ • • X An as a quotient of Taj...._a„ Af- Moreover we can again identify 
jyii,...,A„jy- ^j^^ quotienlQ 

{Jl^,s{W^,M))%^ XGr^>^„ (G;, ?I]„)/St(kerao) 

%ere (Jq diffC*"' *^))m' denotes the restriction of the power (Jg ^^gO^"^ , M))" M" of 
the jet bundle to the subspace M'"' C M". In particular as the original bundle was a principal 
G^-bundle the resulting bundle over M(") will be a principal (G;;j)"-bundle on which there is an 
action of the symmetric group E„. Composing with the quotient map 
by this action one gets a principal (G^'^ I S„)-bundle (^o'diff C*""' *^))m' ~^ 
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for some (any) surjective homomorphism oq : (Jq(M™,M))" — s> Ai x • ■ • x An- The 
canonical inclusfon map l : J^'^'---^^" AI ^ A4d with d ~ dimAi + • ■ • + dim A„ is 
an injective immersion. For a proof observe that locahy (Jg j;fj(]R™, M))^^ is just 
a product of Jq ^^ff{M."^ , M) and so one can almost copy the proof of ProDOsition l3.3l 
(also see the proof of Proposition 13. 2p . 

Appendix A. Interpolation 

In this section we construct a continuous interpolation and thus prove Theo- 
rem [Cl The main ingredient is integration over simplices in M™. 

Let / : M™ ^ M be a smooth function. If (xo, . . . , Xr) G (M")''+i we denote by 
[xq, . . . , Xr] ■ A'' — > M™ the unique affine map sending the vertices of the standard 
r-simplex A*" to a;o, . . . , x^. It is obvious that this gives a bijective correspondence 
between {MJ"Y~^^ and affine maps A*" — J> M™. We will denote a general affine map 
A'' — >■ M™ by cr, if we do not want to emphasize the values at vertices. By embedding 
it linearly into W we give A'' the Lebesgue measure in which the volume is 1 . Then 
we are able to define unambiguously I{f,(j) e Hom(5'']R™, M) a symmetric r-form 
on M™ to be 

where /'^''^ : M™ IIom(5^M'™, M) denotes the r-fold derivative of /. In an obvious 
way by omitting Xi we get dia : A^^^ — > M™ and thus also 

T{f,^^(T) e Hom(5'-iM",M) 

Lemma A.l. For any smooth function g : M™ — > M and for any a = [xq, . . . , Xr], 
the following holds for < i, j < r 

where g'^.-xi denotes the derivative of g in the direction xj — Xi. In particular by 
taking g = /(""^i) we have 

I{f,a){vi,...,Vr^i,Xj -Xi) = r(X{f,dia) - T{f ,djcr)){vi, . . . ,Vr-i) 

Proof. Define a map 5 : A*"^^ — > A'' to be 

[co, . . . , 6i, . . . , Cj, . . . , Cj.] 

where e„ are the vertices of A*". We think of A*""^ as a convex span of A*""^ (with 
vertices ei, . . . , e^-i) and an additional point ep. Then we can define a homotopy 

h : A'-i X / ^ A"^ 

by a formula (with x running over A''"^) 

h{toeQ + (1 - tQ)x, t) = to((l - t)e, + tej) + (1 - to)6{x) 

One sees easily that /i(— , 0) is the inclusion of the j-th face of A'' and h{~, 1) the 
inclusion of the i-th one. To compute the determinant of h' we choose a basis 
(ei — Co, ... , Cr-i — Co, e) of T{A^^^ x /) where e is the unit tangent vector of /. 
Then 

h'itQCQ + (1 - tQ)x, t){e„ - Co) = S{en) - ei - t{ej - e^) 

and 

h'{toeo + (1 - to)x, t)(e) = to{ej - ei) 
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Hence we easily get a formula 

I deth'{toeo + (1 - to)x,t)\ = cto 
for some constant c and it is not difficult to see that c — r. Then 

J A'- Ja'-^xi JA"--! Jo 

Now note that 

and so 

/ / hg'.,^.^<^h{~,t)dt^ f gah{-,l)- [ gah{~,Q) 

gidtcr) - / gidja) 



□ 



(6) 



Corollary A. 2. The following formula holds 

f{Xr) = I{f, [Xo]) H h • I{f, [a;o, . . . , Xi]){Xr -Xo,-.-,Xr- Xi^i) + ■ 

+ i ■!(/, [xo, . . .,Xr]){Xr -Xo,...,Xr- Xr-l) 

Proof. We use induction with respect to r. According to the previous lemma 

^ •!(/, [.To, . . .,Xr]){Xr ~Xo,.--,Xr - Xr-l) (7) 

is equal to 

(73T)I • {^{f, [xo,---, X^, Xr]) - 2:(/, [to, ... , Xr-l])){Xr - Xq, . . . ,Xr - Xr-2) 

Adding the remaining terms of (jH]) to ([7]) and using the inductive hypothesis on 
[xq, . . . , av^, Xr] we prove the inductive step. □ 

Corollary A. 3. The following conditions are equivalent 
(i) T{f, r) = for all the faces r of a. 

{ti) !(/, di---dra) = ---= !(/, a, • • • dra) = ■■■= !(/, dr<j) = a) = 0. 

Proof. We assume (ii). By induction we can also assume that for all the faces r of 
drcr, we have X(/, r) = 0. By the previous lemma dia) = for all i. As there 
is a common face of dia and drcr we see that up to a renumbering of vertices the 
condition (ii) is satisfied for dia and by induction again we get (i) for all the faces 
of dia. □ 

Corollary A. 4. Let cr = [xo, . . . , Xr-]. // 

I{f,di---dra) = ---=I{f,d,---dra) = ---=I{f,dra)=I{f,a)=0 

and if y appears k-times in tq, . . . ,Xr then jy^^ f = 0. □ 

Remark. The converse is not true in general (with the exception xq — ■ ■ ■ — Xr) for 
dimensional reasons unless m — 1: if {y\^ , . . • , 2/^" } denotes the class of (xo, . . . , Xr) 
in SPr+i(M) = W^^ /Yir+i then the vanishing of jyi~^f for alH = 1, . . . , n implies 
[xo, . . . , Xj]) = for ah j = 0, . . . , r. 
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Now we will explain how this leads to an interpolation map. First we restrict 
ourselves to interpolation at points close to a single point, later generalizing to a 
number of points. This is only to lighten the notation a bit. Going back from the 
local situation to the case of a smooth manifold M we identify a neighborhood of 
y with M™. We also fix a complementary linear subspace D to the ideal (nij,)*'' and 
define the following map 

G : {W^f xU — > (M™)'^' X Honi(S'"M"\M) x • • ■ x Hom(S''="iM™, M) 

(with J^-^R"", R) being any J^-i(M™, R) - they are all identified via translations) 
by the formula 

G{{xi, . . .,Xk),f) = {{xi, . . .,Xk),I{f, [xi]), . . . ,!(/, [xi, . . .,yx])) 
We denote by Gd its restriction 

Gd ■■ (M™)*^ xD ^ (M™)*^ X 4'-i(M™,M) 

Note that for each f E TZ the map G{—,f) is continuous (in fact smooth) and 
therefore so is Gd- Our transversality condition on D implies that on the fibres 
over {y,...,y) 

{GD)iy,...^y) : D j!:-\R"\m 

is a linear isomorphism. Hence we find a neighborhood of (y, . . . , y) in M'^ of the 
form with U compact convex, such that the restriction 

Gd ■■U'' X D ^U'' X J^-\R"',R) 

is an isomorphism of vector bundles over U'' . Hence we can define a map 

A-.U'' xU X J^-^{R"^,R) ^" > X D ^ D 

Now note that according to Corollary IA.3I the value of A does not depend on the 
ordering of the points and hence we get 

A : U^/T.k xTl^D 

with the property that A{Y, f) is an interpolation of / at Y, i.e. such that / = 
A{Y,f) modulo my. 

Proposition A. 5. The interpolation map A is continuous and v4({?/*^},/) = 
whenever f G (iTij,)'^. 

Proof. By the construction of A it is enough to show the continuity of each com- 
ponent 

Gr-U'' xTZ^ Hom(S''M", R) 

of G, I = 0, . . . , fc — 1. Hence let us fix {{xi, . . . , Xk), f) £ U'' x TZ and denote X = 
{xi, . . . , Xk) for a short. We choose a norm on Hom(S''M™, R) and a neighborhood 

{a e Hom(S'*M™,M) | \\a-G,{XJ)\\ < e} 

Because of the continuity of Gi(— , /) there is a neighborhood of AT on which 

l|G,(-,/)~G,(X,/)|| <e/2 

Hence if 5 is such that Hg'*^ — || < e/2 on U then also 

l|G.(-,g)-G.(-,/)l| <£/2 



18 



LUKAS VOKMNEK 



on U and finally on W we have 

||G,(-,5) - G,{XJ)\\ < \\G,{-,g) - G,(-,/)|| + \\G,{-,f) - G,{X,f)\\ < e 

Because the condition on g'*^ defines a neighborhood of / in 7^, this finishes the 
proof. □ 

Example A. 6 (Kergin interpolation). Let us take for D the set of all polynomials 
of degree less than k. Then over each the matrix of Gd is upper 

triangular with all entries polynomial in (xi, . . . , Xk) and diagonal entries constant. 
Therefore G^ is polynomial and, assuming that / is a polynomial, so is G{—,f) 
and thus A{—, /). Also one can take U = M™. 

Now if we have an arbitrary Y — {y^^ , ■ • ■ , Un" } ^ SP^ we identify a neighbour- 
hood of each j/j with M™. Writing 

we replace G by the corresponding map 

G : M™'* xU^ R""^ X J^-i(]R",]R) x • • • x J^"-\R"',R) 
Again if _D is a complementary linear subspace to my 7?. then on the fibres 

{GD)iiy,,...^y,),...,iy^,...,y„)) ■■ D ^ J^'-\R"\R) X •■• X J^--\R"' ,R) 

is an isomorphism and we get a neighborhood of the form x • • • x U^" over 
which Gd is an isomorphism. Denoting the induced neighborhood of Y in SPd by 
W one gets an interpolation map A : W x TZ ^ D. 

Proposition A. 7. The interpolation map A is continuous and A{Y, f) = when- 
ever f G my- Q 

Proof of Theorem\^ Let F (\\Vd- Then for each Y € SPd we can choose a subspace 
D (- F complementary to my to obtain a continuous interpolation map with values 
in D F defined in a neighbourhood of Y . Thus we have proved Theorem [C] 
locally (in SPrf). 

To globalize we glue the local interpolation maps using a partition of unity on 
SPrf. This is possible since the interpolation maps form an affine space. In this way 
we obtain a continuous interpolation map and with a bit of care we may achieve 
that for a fixed Y we have A{Y, /) = for / e my. □ 
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